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bInstitut fu¨r Theoretische Physik, Universita¨t Heidelberg, Germany
We give a perturbative proof that U(1) lattice gauge theories generate the axial anomaly in the continuum limit
under very general conditions on the lattice Dirac operator. These conditions are locality, gauge covariance and
the absense of species doubling. They hold for Wilson fermions as well as for realizations of the Dirac operator
that satisfy the Ginsparg-Wilson relation. The proof is based on the lattice power counting theorem. The results
generalize to non-abelian gauge theories.
1. Introduction
In the continuum formulation of QED (or
QCD) it is well known that all known gauge in-
variant regularization schemes yield the ABJ ax-
ial anomaly. A non-perturbative regularization
is provided by the lattice. Any candidate for a
lattice discretization of the QED action should
reproduce the axial anomaly in the continuum
limit. A naive symmetric discretization of the
continuum Dirac operator fails to generate the
anomaly, but is also plagued with the fermion
doubling problem. The doubling problem can be
eliminated by introducing an explicit, naively ir-
relevant, chiral symmetry breaking Wilson term
in the action. This circumvents the Nielsen Nino-
myia theorem [1] and leads to the correct anomaly
in the continuum limit [2,3].
The question arises whether this is a particu-
lar property of the action chosen, or whether the
anomaly will be correctly reproduced by any lat-
tice regularization of the action satisfying some
very general conditions. In fact, as we will show,
any lattice action which is i) gauge invariant,
ii) possesses the correct continuum limit, iii) is
local in some generalized sense, and iv) is free
of doublers, will necessarily reproduce the axial
anomaly in the continuum limit. An important
ingredient which will be needed for the proof is
the general form of the lattice axial vector Ward
identity. Its precise structure, which will depend
on the particular discretization of the action cho-
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sen, need not be known, but only very general
properties thereof. Our general proof will include
the case of Ginsparg-Wilson fermions.
2. Ward Identity
Consider the following general form for the
fermionic contribution to the lattice action
SF [U,ψ, ψ¯] =
∑
x,y
ψ¯(x)(DU (x, y) +m)ψ(y) . (1)
Here U stands for the collection of link variables,
DU is the Dirac operator, and
∑
x ≡
∑
n a
4,
where n label the lattice sites. DU can be decom-
posed into a part anticommuting with γ5, which
in the continuum limit takes the form γ · ∂, and
a term commuting with γ5, which vanishes in the
continuum limit. Hence the general structure of
the lattice axial vector Ward identity in an exter-
nal gauge field will be of the form
〈∂∗µj
5
µ(x)〉U = 2m 〈j
5(x)〉U + 〈∆(x)〉U (2)
where ∂∗µ(∂µ) stands for the dimensioned left
(right) lattice derivative. j5(x) = ψ¯(x)γ5ψ(x),
and j5µ(x) has the correct continuum limit. ∆(x)
is an ”irrelevant” operator which vanishes in the
naive continuum limit. For Wilson fermions j5µ
and ∆ have been given in [2]. Furthermore, it was
shown in [2,3], that the anomaly is generated in
the continuum limit by the naively ”irrelevant”
contribution < ∆(x) > . For Ginsparg-Wilson
fermions the Dirac operator in (1) satisfies the
Ginsparg Wilson relation [4]
γ5D +Dγ5 = aDγ5D ,
2where a is the lattice spacing. The action pos-
sesses an exact global axial symmetry [5] for
m = 0 under the transformations
δψ(x) = iωγ5[(1−
a
2
D)ψ](x) (3)
δψ¯(x) = iω[ψ¯(1−
a
2
D)](x)γ5 . (4)
According to the lattice Poincare Lemma [6] there
exists an axial vector current associated with this
symmetry. Under a local transformation with
ω replaced by ω(x), the variation of the con-
tribution to the fermionic action involving the
Dirac operator in (1) can be written in the form
δSD = −i
∑
x ω(x)∂
∗
µj
5
µ(x). Taking into account
the variation of the fermionic measure one then
finds that the axial Ward identity is of the form
(2), where the irrelevant ∆ operator is given by
∆GW (x) = a(ψ¯D)(x)γ5(Dψ)(x) .
Consider now the Ward identity (2) in momentum
space. Define < j5µ(q) >U by
< j5µ(x) >U=
∫ pi
a
−pi
a
d4q
(2π)4
< j5µ(q) >U e
i(q·x+aµˆ/2)
Expanding Uµ(x) = exp[igaAµ(x)] in the poten-
tials, < j5µ(q) >U will have the form
< j5µ(q) >U=
∑
n
1
n!
∑
{νi}
∫
{ki}
δ(
∑
i ki − q)
×Γ5µν1···νn(k1, · · ·, kn)Aν1(k1) · · ·Aνn(kn) ,
with analogous expressions for < j5(q) >U and
< ∆(q) >U . The Ward identity in momentum
space then reads
q˜µΓ
5µ
{νi}
({ki}) = 2mΓ
5
{νi}
({ki}) + Γ
(∆)
{νi}
({ki}) ,(5)
where q˜µ =
2
a sin
qµa
2 .
3. Theorem
We now state the central theorem of this paper
and then give the proof:
Any lattice discretization of the QED action
with the following properties: a) S has the correct
continuum limit; b) S is gauge invariant; c) The
Dirac Operator is local and d) The free Dirac op-
erator D(0)(p) is free of doublers, reproduces the
axial anomaly in the continuum limit.
As we shall see below, the explicit form of the
axial vector current and of the irrelevant operator
∆(x) is not required. Let us consider a) to c) in
turn:
1) S has the correct continuum limit: This en-
sures that j5µ posesses the correct naive contin-
uum limit.
2) Gauge invariance: Gauge invariance tells us
that if O(ψ, ψ¯, A) is a gauge invariant operator,
then its external field expectation value satisfies
< O(ψ, ψ¯, Aω) >Aω=< O(ψ, ψ¯, A) >A ,
where Aωµ(x) = Aµ(x) + ∂µω(x). It follows that
∑
ν
∂∗ν
∂
∂Aν(z)
< O(ψ, ψ¯, A) >A= 0 ,
or in momentum space∑
νi
(k˜i)νiΓ
(O)
ν1···νn(k1, · · ·, kn) = 0 . (6)
3) Locality of the Dirac Operator: The Dirac op-
erator DU (x, y) can be formally expanded in a
power series in the gauge potentials:
DU (x, y) =
∑
n,µi,zi
1
n!D
(n)
µ1···µn(x, y|z1 · · · zn)
×Aµ1(z1) · · · Aµn(zn) .
The coefficient functions D
(n)
µ1···µn are assumed to
vanish exponentially fast with the separation be-
tween any pair of lattice sites with a decay con-
stant of the order of the lattice spacing (this
also holds for Ginsparg Wilson fermions for suf-
ficiently smooth gauge field configurations [7].
As a consequence Γ5µν1···νn({ki}) , Γ
5
ν1···νn({ki}),
and Γ
(∆)
ν1···νn({ki}) can be Taylor expanded around
zero momenta. It then follows from (6) that
T1Γν1,···,νn(k1, · · ·, kn) = 0 , (7)
where Tn denote the Taylor expansion up to order
n in the momenta
4) The free propagator D−1(0)(p) is free of doublers.
As a consequence the lattice power counting rules
[8] and the Reisz theorem [9] applies. This theo-
rem allows one to take the naive continuum limit
of a lattice integral, if all the lattice degree of di-
vergences of the integrand, including the measure,
are negative.
3Proof of the Theorem
In the following we only consider the axial vec-
tor Ward identity for two external photons, since
it is the only one which is anomalous. It has the
form
q˜µΓ
5µ
ν1ν2({ki}) = 2mΓ
5
ν1ν2({ki})+Γ
(∆)
ν1ν2({ki}) ,(8)
where i = 1, 2. By power counting degrΓ5µ =
degrΓ5 = 1, while the irrelevant contribution has
degr Γ(∆) ≤ 2. Here degrF denotes the lattice
divergence degree of F [8].
We first show that all the vertex functions pos-
sess a continuum limit. Consider e.g. Γ5µ, and
write it in the form
Γ5µν1ν2 = (1− T1)Γ
5µ
ν1ν2 + T1Γ
5µ
ν1ν2 (9)
The first term on the RHS has an degr < 0.
Hence making use of the Reisz theorem, its con-
tinuum limit is given by the Taylor subracted con-
tinuum one loop integral with a γµγ5 insertion.
This is just the usual continuum triangle graph,
Taylor subtracted to first order in the momenta.
The second term on the RHS of (9) vanishes be-
cause of gauge invariance (7). The a→ 0 limit of
Γ5ν1ν2 can be calculated in a similar way. Hence
we immediately arrive at the result that the con-
tinuum limit of Γ
(∆)
ν1ν2 in (8) is universal, and given
in terms of convergent continuum Feynman inte-
grals. This limit can be easily computed. To this
effect decompose Γ
(∆)
ν1ν2 as follows:
Γ(∆)ν1ν2 = (1− T2)Γ
(∆)
ν1ν2 + T1Γ
(∆)
ν1ν2 + (T2 − T1)Γ
(∆)
ν1ν2
where T2 denotes Taylor subtraction to second
order in the momenta. Because of gauge invari-
ance (7) the second term on the RHS vanishes.
According to the Reisz theorem [9] the first term
vanishes for a→ 0 since degr[Γ(∆)] ≤ 2, and Γ(∆)
vanishes in the naive continuum limit. Hence we
conclude that
lim
a→0
Γ(∆)ν1ν2(k1, k2) = lima→0
(T2 − T1)Γ
(∆)
ν1ν2(k1, k2)
We now make use of the Ward identity (8) to
obtain a simple expression for the RHS. Thus ap-
plying the T2 − T1 operation to both sides of (8),
making use of gauge invariance (7) and of the
Reisz theorem, one readily finds that
lim
a→0
Γ(∆)ν1ν2 = 2m
∫
d4ℓ
(2π)4
(T1 − T2)I
5
ν1ν2(ℓ, k1, k2)
where I5ν1ν2(ℓ, k1, k2) is the integrand of the con-
tinuum Feynman integral for the triangle graph
with a γ5 insertion. Hence the anomalous contri-
bution reads:
Aµν = −16e
2ǫµνσρk1σk2ρ
∫
d4ℓ
(2π)4
m2
(ℓ2 +m2)3
= −
1
2π2
∑
ρ,σ
ǫµνρσk1ρk2σ
We have thus shown that, irrespective of the de-
tailed structure of the lattice current and of the
irrelevant operator ∆ in the Ward identity (8),
the correct anomaly is generated by the irrelevant
∆-contribution in the continuum limit. This limit
is universal and given by the second order Taylor
term in the expansion of the continuum triangle
graph with a γ5 vertex insertion. This expression
has precisely the same form as that obtained in
the continuum formulation using the Pauli-Villars
regularization scheme, except that here the Pauli
Villars mass is replaced by the fermion mass. The
integral is however independent of the mass. Fur-
thermore we have seen that all terms in the Ward
identity (8) posssess a continuum limit. The limit
of the first two terms is however not given by the
naive limit of the triangle graphs, but actually by
their BPHZ subtracted form.
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